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We predict a p-wave Cooper pairing of the spin-polarized fermions in a binary fermion-boson mixture 
due to the exchange of density fluctuations of the bosonic medium. We then examine the dependence 
of the Cooper paring temperature on the parameters of the system. We finally estimate the effect 
of combining the boson-induced interaction with other pairing mechanisms, e.g the Kohn-Luttinger 
one, and find that the critical temperature of p-wave Cooper pairing can be realistic for experiment. 
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The investigation of quantum degenerate gases has a 
long history. The latest step ahead in this direction 
has been the realization of Bose-Einstein condensation 
in gases of the alkali elements *^Rb [Q, ^Li and 
^^Na in the confined geometry of optomagnetic traps. 
Currently experimentalists are concerned with obtaining 
fermionic superfluidity. The regime of quantum degener- 
acy has been already achieved experimentally in samples 
of potassium Q and lithium atoms ||] . By the first group 
degeneracy has been reached by evaporatively cooling to- 
gether two hyperfine states of the same fermionic element 
(^°K) and by the second group by sympathetically cool- 
ing the fermionic isotope ^Li with the bosonic one ^Li. 
Other groups are progressing along similar lines. 

Various articles appeared lately discussing what type 
of Cooper pairing (s-wave or p-wave) is more realistic to 
achieve @ - [0- om one side s-wave pairing (with 
orbital angular momentum of the pair L = 0) has a 
higher critical temperature than p-wave (L = 1) for typ- 
ical parameters. However it takes place only between 
atoms of different spins (hyperfine components). This 
imposes a very stringent constraint on the densities ni, 
77.2 of the components which form the pairs. One should 
have |(ni —n2)/{ni +^2)! < Tc/ep <C 1- (Here and be- 
low we let fcs = ?i = 1). From the experimental point of 
view, with alkalis this condition may be hard to achieve 
as the two hyperfine components are manipulated inde- 
pendently. Since on the other hand a p-wave Cooper 
pair is formed by atoms in the same spin component, the 
restriction on the densities is taken away, and it is there- 
fore relevant to ask how realistic it would be to consider 
observing that instead. 

As a contribution to this field, in this letter we want to 
answer the question of what is the effect of the presence 
of a Bose gas on the p-wave Cooper pairing of fermions. 
This question is also very important for understanding 
the role of phonons in nontrivial superconductivity in 
such materials as HTSC, heavy-fermon systems, organic 
superconductors, and Sr2Ru04 which present superflu- 
idity with non-zero orbital angular momentum of the 
Cooper pairs |13 jlq| . Low densities of atomic gases give 



the possibility to introduce small parameters in the the- 
ory - namely the gas parameters {an^^^) <C 1, where a - 
stands for the appropriate two particle scattering length 
in vacuo and n for the density of the Bose or the Fermi 
gas. Using this small parameters we calculate the effec- 
tive interaction. We show that the exchange of boson 
density fluctuations gives an attractive contribution to 
the effective interaction of two fermions with bosonic su- 
perfluid background in channels with non-zero angular 
momentum. The largest one corresponds to the p-wave 
channel. Hence the fermions in binary mixtures of bose 
and fermi gases are unstable towards p-wave Cooper pair- 
ing. We calculate the associated Tc, and determine the 
Fermi and Bose densities which provide the highest value 
of Tc compatible with the constraints imposed by the in- 
stability to phase separation. At the end of the paper we 
show that the boson-induced interaction can be combined 
with some other p-pairing mechanism, in which case it 
acts to increase the critical temperature significantly. 

We start with Hamiltonian of almost ideal Fermi and 
Bose gases: 



H = Hp 
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BF 
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with 

Hp = '^S.paipaap + -jUpp ^ a^ap-q^^Pp'+q'^lip'O-ap 
ap appp'q 

Hb=Y. ^pK^P + \UbbY. ^l~q^l'+q^p\ 

p pp'q 
Hbf = -jUsF X! o,ip-qbl'+qbp'aap, 

pp'q 

where £,ap ~ (p^/2TOi? — spa), Ep ~ /2mB are the ki- 
netic energies of the Fermi and Bose gases respectively, 
SPa is the Fermi energy of the Fermi-gas with spin (hy- 
perfine component) a, Upp, UpB, and Ubb are two par- 
ticle interaction constants for Fermi-Fermi, Fermi-Bose 
and Bose-Bose interactions. The constants are related 
to the two-body scattering lengths aBB, o,bf and app 
in vacuo as Upp = Airapp /mp, Ubb = '^t^clbb /tti-b, 
Ubf = '^t^clbf /rfiBF] TTLBP = 2mBmp/{mB + mp). 
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In general (apart from the case of resonance scattering) with 
the harmonics of the scattering amphtude for slow parti- 2 
cles are proportional to ft ^ a{apF)'^^, 10, where a is a Ro{x) — — — ^ 
length of the order of a s-scattering length. For example, 
the £ — 1 bare contribution goes like UppVf ^ [appY- 
This contribution is very small and can in general be ne- 
glected if some other triplet pairing mechanism is present. 
In the case of fermions in two spin states for instance, 
the indirect interaction by polarisation of the fermions in 
the other spin state (Kohn-Luttinger mechanism) [ p5[ , 
provides a contribution of order {appY, and is therefore 
more important than the bare one. 

A standard procedure |l6| yields the critical tempera- 
ture for pairing with given angular momentum I: 
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with < being the ^-th spherical harmonic of the irre- 
ducible vertex, sp is some energy parameter of the order 
of the Fermi energy, and vp the density of states on the 
Fermi level. The real transition corresponds to the angu- 
lar momentum with the maximum allowed temperature. 
The effective interaction between two Fermi particles F 
is the sum of the bare one Upp, the interaction via po- 
larisation of the bosonic medium (exchange of density 
fluctuations) Up bp, and possibly that via polarisation 
of the other fermionic species Up pp if fermions in more 
than one spin orientation are present. 

We assume temperatures much smaller than those of 
degeneracy. The correctness of this hypothesis will be 
confirmed by the results found. The effective interac- 
tion of Fermi quasi-particles on mass-surface with zero 
transfer energy is given by UpBpiq) = U%px{q,^ = 0), 
where x(9, ^) is the density-density response function for 
an almost ideal Bose-gas at zero temperature . Since 
we are interested in the low density limit of Bose and 
Fermi-gases and Use ^ vpUgp {aBPPp)UBF, we can 
neglect the renormalization of boson density-density cor- 
relation function due to Bose-Fcrmi interaction, and we 
can write to first order in the gas parameter mM : 
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So the effective interaction of Fermi atoms with zero 
transfer energy reads: 

-1 

, (4) 



UpBF{q,0) = -^il ■ ^ " 



Ubb 
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where s = {ubUbb /ttibY^^ is the sound velocity in the 
boson gas. We recall that stability requires Ubb > 0. 

A direct calculation of the first three partial compo- 
nents of Up bp gives the following results: 



VpUpBp 
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FIG. 1. Functions Ro{x) ~ solid line; Ri{x) - dotted and 
R2{x) - dashed. 

The functions i?o(a;), Ri{x) and R2{x) are shown in 
Fig 1. The strongest interaction is in the channel with or- 
bital momentum £ — 0. For large £ one can show that i?f 
drops off exponentially in £. Therefore this contribution 
to the effective interaction for £ > 2 can be neglected. 
The functions for £ ^ are strongly non-monotonic 
in contrast with zero angular momentum case. For in- 
stance, the maximum of Ri{x) is obtained for Xopt = 1-86 
(i?i(1.86) = 0.1). The maximum gives the optimal ra- 
tio of Bose and Fermi-components for given scattering 
lengths. 

Let us consider a binary gas consisting of one fermionic 
and one bosonic species. The Cooper pairing in the s- 
wave channel is prohibited by the Pauli principle. It can 
exist owing to density fluctuations of bosonic medium 
with effective attractive interaction in p-wave channel 
given by formula (H). Note that the value of the ra- 
tio U^p/Ubb and the densities of the gases cannot be 
arbitrary. The restriction is associated with the phase 
separation at high densities of the binary mixture into 
two regions: a Fermi-Bose mixture (with densities 
and npi) and a pure fermionic region (with density np2)- 
This phase separation into two large regions is a full ana- 
log of that observed in the mixtures of '^He-^He. To 
check the stability of the mixture against phase separa- 
tion we rewrite the expression for Up bp in dimensionless 
parameters A, a and P in the spirit of ref. pOl: 
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The expression for A is exactly the factor in front of R{ 
in (|5|). 
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where y > 1 is solution to the equation 



15 
T 



(y + 1)2 + + 16y2 + 24y +12 = 0. 



We then find 



1 ^ /3(y(A)2 - 1) 
a;2 A 



(8) 



(9) 



where 



TT msF 
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The physical meaning of the introduced variables is the 
following. In the case of phase separation y is the ratio of 
fermionic densities in the two regions y — nF2/nFi > 1 
and n^'' is the density of bosonic component in bosonic- 
fermionic mixture region. The problem of phase separa- 
tion of binary mixtures of bose and fermi gases was inves- 
tigated in ref. |2^. The authors have shown that there 
are three possibilities: a) a single uniform phase; b) a 
purely fermionic phase coexisting with a mixed phase; c) 
a purely fermionic phase coexisting with a purely bosonic. 
Let us examine all three possibilities. 
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FIG. 2. Tc/ef versus A for binary boson- fermion mixture 
for different values of the coefficient /3. The solid curve is for 
(3 = 5, the dashed one for /3 = 3, and the dotted one for /3 = 1. 

The single uniform phase is stable provided the con- 
ditions A < 1 and a < 1 are fulfilled. This immediately 
gives vpU'jjp/UBB < 1 and the value of the effective in- 
teraction is restricted by Upbf < 0.1, which corresponds 
to temperatures of Cooper pairing in the binary mix- 
tures about 5 orders of magnitude less than the Fermi 
energy. In figure 2 we plot the critical temperature as a 
function of A for given j3. We see, that the maximum of 



the critical temperature increases with increasing of /3. 
Note that for given scattering lengths the maximum is 
in region of the parameters close to the phase separation 
(a = UbI-tib^ 1). 

If the total density of the boson gas is larger than 
(a > 1), the binary mixture undergoes phase separation 
into two phases: a purely fermionic phase and the mixed 
Fermi-Bose phase. In this case in the mixed phase the 
density of the bosonic gas is ubx — "tib^ and the density 
of fermi gas np\. These are determined by the system of 
the equations (||)-(||). Our result obtained for the single 
uniform phase is still within the mixed phase valid if the 
appropriate densities of fermi and bose gases are used. 

The third possibility is the coexistence of a purely 
fermionic phase with a purely bosonic one, which exists 
for much higher total densities of bosons and fermions. 
In this case of course there is no effective interaction be- 
tween fermions due to the exchange of boson density fluc- 
tuations. 

We can conclude that the contribution of the exchange 
density fluctuations of the bosonic medium has its max- 
imum for the set of parameters close to those of phase 
separation of a single uniform phase into two coexisting 
phases: a mixed phase and a pure fermionic one. 
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FIG. 3. Optimal scattering length a_BF and corresponding 
Tc for Cooper pairing, versus fermionic density in a binary 
boson- fermion mixture of ''Li and *'^Rb. 



Let us make some estimates for real systems. Take a 
binary mixture of fermionic ®Li and bosonic ^''Rb, and 
choose for ^Li the density np ^ lO^^cm^'^. This corre- 
sponds to Ep/ks ^ 60GnK. The boson-boson scattering 
length is qbb — llOao, oq being the Bohr radius. The 
boson-fermion scattering length is unknown. In order 
to get Tc close to its maximum value for binary boson- 
fermion mixture, we should obtain A close to 0.95. For 
the given mixture this corresponds to ubf ~ 450ao. Sub- 
stituting these values into (5) - (9), and taking for the 
Bose component the density ub ~ 10 
Tc ^ lO^^nK. Similar calculations for np 
imply aBF ^ 2GGao, and with ub ~ 5 x lO^^cm"'^, 
Tc ~ 0.5nK. In figure we summerise the optimal pa- 
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rameters of the system and the corresponding critical 
temperatures for p-wave pairing in a binary mixture. 

There is a possibihty of increasing Tc by combining the 
above mentioned mechanism with either p-wave quasi- 
bound resonance for the scattering of Fermi-atoms, or by 
considering a mixture of two spin states of fermions with 
one of bosons. In the former case the irreducible vertex 
in (Q) is determined by the sum of the interactions due to 
polarisation of bosons and the (now large) bare p-wave 
attractive scattering of Fermi-atoms . 

In the case of two species of fermions with one of 
bosons, again the effective interaction has two contri- 
butions: from boson density fluctuations and from the 
Kohn-Luttinger mechanism. The effective interaction in 
the latter is a non-monotonical function of the ratio of 
the densities of the different hyperfine components (see 
1^,0). Its maximum is vpUeff ~ 0.058(apF)^ which 
corresponds to a ratio ni 2.8712. 

For optimal parameters ||2^ and a density ni — 
the critical temperature reads: 



Tc ^ £f exp 



1 



Tc ~ InK and Tc ^ 20nK respectively for bare 
s-wave Fermi- Fermi scattering lengths I = 500ao 
and lOOOflo. Note that the value of the critical tem- 
perature obtained is valid for Upp > as well as for 
app < 0. Pure Kohn-Luttinger mechanism would give 
Tc — 10~^°nK and 10~^nK respectively for the given 
scattering lengths, so that the main contribution comes 
from the boson-induced term. For ^Li however the s-wave 
scattering length between two different hyperfine states 
is Qpp = — 2160ao. The critical temperature with this 
scattering length is ~ 0.5/xK. For pure Kohn-Luttinger 
mechanism it would have been ^ 0.1/iK, which shows 
the strong effect that the bosons have also in this case. 
The full analogy with mixtures '^He -'^He says that here 
also both single uniform phase and phase separated states 
are possible, and explicit calculations for the case of two- 
Fermi species and a Bose one need to be carried out. 

In conclusion we showed that the fermions in a (typi- 
cal) dilute binary mixtures of Fermi and Bose gases are 
unstable towards p-wave Cooper pairing. This is due 
to their effective attraction arising from boson polarisa- 
tion. We then calculated how the associated Tc can be 
maximized. Although the highest Tc's found don't seem 
presently experimentally observable, we showed that the 
mechanism may be used to enhance pairing when com- 
bined with others. 

We are very grateful to P. Fulde, A. J. Leggett, M. 
Baranov, M. Kagan, A. Zvyagin, N. Shannon for useful 
discussions. 
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